Some finite series of harmonic numbers involving certain reciprocals are evaluated. Products of such reciprocals are expanded in a sum of the individual reciprocals, leading to a computer program. A list of examples is provided.
Definitions and Basic Identities
The generalized harmonic numbers used in this paper are: 
A well known identity is [2, 3, 7, 8] :
n ) (1.3) and [3, 4] :
n+1 ) (1.4) and [5] :
(1.6)
When a ≤ b are two integers and {x k } and {y k } are two sequences of complex numbers, and {s k } the sequence of complex numbers defined by:
then there is the following summation by parts formula [4] :
2 Harmonic Number Identities with a Reciprocal Theorem 2.1. For nonnegative integer n and integer p > 0:
Proof. Summation by parts (1.8) with x k = 1/(k + p) and y k = H k yields:
Using:
and for s > 1:
Performing the summation over n and using (1.4) yields:
and changing the order of summation over s and k:
and using H s+1 = H s + 1/(s + 1) and (1.3) and 1/(s(s + 1)) = 1/s − 1/(s + 1) yields the theorem.
Theorem 2.2. For nonnegative integer n and integer p > 0:
Proof. Summation by parts (1.8) with x k = 1/(n + p − k) and y k = H k yields:
and for s > 0:
yields:
Performing the summation over n and using (1.6) yields:
(2.14)
and H n+s−1 = H n+s − 1/(n + s) and 1/((n + s)(n + s + 1)) = 1/(n + s) − 1/(n + s + 1) and with (1.6):
yields the theorem.
Theorem 2.3. For nonnegative integer n and integer 0 ≤ p ≤ n:
Proof. Summation by parts (1.8) with x k = 1/(k − p) and y k = H k yields:
The last sum is (2.1) with p replaced by p + 1 and n by n − p, which yields the theorem.
Theorem 2.4. For nonnegative integer n and integer 0 ≤ p ≤ n:
The last sum is (1.6) with n replaced by n − p − 1, which yields the theorem.
Products of Reciprocals
A finite product of these reciprocals with different p's can be written as a sum of the individual reciprocals. The formula for two reciprocals is, where p 1 = p 2 :
The formula for three reciprocals is, where p 1 = p 2 = p 3 :
The recursion formula for m reciprocals in terms of the formula for m − 1 reciprocals is:
This recursion formula means that starting with m = 1 and α 1 = 1, in each pass for certain m > 1 the α i for i = 1 · · · m − 1 are divided by p m − p i , after which α m is minus the sum of the new α i for i = 1 · · · m − 1. This way the recursion formula reduces to a double iteration, and it is also clear from this that for m > 1:
When the α i have been computed, each individual reciprocal can be summed using the appropriate formula in the previous section, where the following substitutions are made:
After these substitutions the coefficient of H 2 n+1 in the formula for each individual reciprocal is identical, and therefore, by equation (3.5) , the coefficient of H 2 n+1 in the resulting formula for m > 1 is zero, which means that for these products of these reciprocals only terms linear in harmonic numbers remain.
Examples
n ) (4.4)
n+1 ) − 2n + 1 n(n + 1) H n+1 + n n + 1 (4.5)
n+1 ) − 3n 2 − 1 (n − 1)n(n + 1) H n+1 + 7n 2 − n − 2 4n(n + 1) (4.6)
n+1 − 1 n + 1 H n+1 (4.7) n k=0 1 (k + 1)(k + 2)
H k = 9n 2 + 5n − 2 4n(n + 1)
